ON AN ANALYTICAL DECOMPOSITION OF THE
POISSON LAW()

BY
R. G. LAHA

The well-known theorem of Cramér [1] on the decomposition of the normal law
has been extended by Linnik and Zinger [7] in a purely analytical direction. This
generalization is as follows:

Let f1(1), fo(t), . . ., fu(t) be some characteristic functions and let «,, as, . . ., oy
be some positive numbers. Let the functions f,(¢) (n=1,2,..., N) satisfy the
equation(?)

[ T U0} = exp {iur =403}

for all real ¢ in a certain neighborhood of the point =0, where ¢2>0 and u are real
numbers. Then each factor f,(¢) is the characteristic function of a normal distribu-
tion. A similar analytical extension of the theorem of Raikov [10] on the decomposi-
tion of the Poisson law has been proven by Dugué [2]. The author [5] has given an
alternative proof of this theorem of Dugué. Similar generalizations concerning the
decomposition of analytic characteristic functions (characteristic functions which
are regular in a horizontal strip containing the real axis) were obtained by Dugué
[2], Linnik [6] and the author [4].

Recently Mamay [9] has obtained an interesting generalization of this decompo-
sition theorem of analytic characteristic functions for the case of a denumerable
number of factors. This theorem may be stated as follows:

Let {f.(1)}, n=1,2,..., be a sequence of characteristic functions and let {«,} be a
sequence of positive numbers such that «, = @y >0. Let f(z) be an analytic function
of the complex variable z (z=¢+iv, ¢ and v both real) which is regular in the strip
|Im z| <M and has no zeros inside this strip. Let the functions fa(2) satisfy the
equation

[T = £
n=1
for all real ¢ in a certain neighborhood |z| <8 (8> 0) of the point 7=0. Then each
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(%) For the definition of { f,(¢)}* =exp {a, In f,(¢)} we consider that particular branch of the
logarithm for which In £,(0)=0.
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factor f,(z) as a function of the complex variable z is also regular at least in the same
strip and further the above equation holds for all complex z in the strip |[Im z| < M.

As a direct consequence of this theorem she has also derived an extension of the
theorem of Linnik and Zinger [7] for the case of a denumerable number of factors.
In the present paper we shall deduce a similar result on the analytical decomposition
of the Poisson law for the case of a denumerable number of factors. We formulate
this theorem as follows:

THEOREM. Let {f,(t)} be a sequence of characteristic functions and let {c,} be a
sequence of positive numbers such that o, 2 oy>0, for n=1,2,.... Suppose that the
Sfunctions f,(t) satisfy the equation

(1) H U = exp exp i} —1)} (A > 0)

for all real t in a certain neighborhood |t| <8 (8>0) of the point t=0. Then each
factor f,(t) has the form

#)) Sa(t) = exp {ipt+dn(exp {ir}—1)}, n=12...,
where A\, 20 and p,, are real numbers.

Before proceeding to the proof of the theorem, we first note that we can assume
each o, =1 (n=1, 2,...) without any loss of generality, since in case any o,>1,
there always exists a positive integer N, such that «, <N, and hence we have

{fa@) = /@O = {a(0)}™n,

where (1) ={f,()}"» and «,/N, = 1. The functions ,(¢) now satisfy the equation
(1) and we deduce from the theorem that each ¢,(z) is of the form (2). Then it
follows at once from the theorem of Raikov [10] that each factor f,(¢) has also the
form (2).

We shall prove this theorem in a series of lemmas.

LEMMA 1. Under the condition of the theorem each factor f,(t) is the characteristic
Sfunction of a lattice distribution with a span equal to unity.

Proof. It follows immediately from the theorem of Mamay stated above that
each factor f,(z) as a function of the complex variable z (z=¢+ iv, t and v both real)
is an entire characteristic function without zeros and further the equation

(€) [ T {a@)3 = exp {Aexp {iz}— 1)}
n=1
holds for all complex z. We put z=2= in equation (3) and thus obtain

1‘[ fu@m]e = 1
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which implies at once that for each n, | f,(27)| =1 so that each f,(¢) is the character-
istic function of a lattice distribution with span equal to unity (cf. [3, pp. 59-60]).

LEMMA 2. Each distribution function corresponding to the factor f,(t) is bounded
to the left.

Proof. Let F,(x) be the distribution function corresponding to f,(¢). First we note
that none of the distribution functions F,(x) can be a finite nondegenerate distribu-
tion, as in such a case (cf. [8, p. 141]) the corresponding characteristic function
fx(2) is an entire function of the exponential type having infinitely many zeros. But
clearly this is not possible, since none of the functions f,(z) can have any zeros in the
entire complex plane. Therefore, each F,(x) must belong to one of the following
three classes:

(A) F,(x) is unbounded on both sides so that it is purely discrete with jumps p,,
(Pin20, 3% _ o pin=1) at the points u,+j where u, is some real number and
Jj=0, £1, +2,.... Here without any loss of generality we can always choose u,
so that 22 p;n<% and 52, p_;, 24 Therefore, we can write

(42) Ju(t) = exp {itp,} ,i Psm exp {itj} = exp {itun}éu(?),

= —

where

b0) = S b exp (it

is again the characteristic function of a lattice distribution having jumps p;, at the
points j=0, +1, +2,...sothat 32, p_;, =3
(B) F,(x) is bounded to the right so that it has jumps p;, only at the points p, —j

where p, is some finite real number and j=0, 1, 2, . ... Here we can write
(4b) Jut) = exp {itn.} D piu exp {—itf} = exp {itu,}ba(t),
j=0

where ¢,()=2>2, p;» exp {—itj} is the characteristic function of a lattice distribu-
tion which is bounded to the right by the point 0 having jumps p;, at the points
Jj=0, -1, =2,....

(C) F,(x) is bounded to the left so that it has jumps p,, only at the points x,+j
where p, is some finite real number and j=0, 1, 2, . ... Here we write

(4o) Fit) = exp it} Zp,n exp {itf} = exp {itun}ba(t),

where ¢,(t) =22, p;, exp {itj} is the characteristic function of a lattice distribution
which is bounded to the left by the point 0 having jumps p,, at the points j=
0, 1, 2,.... Hence the sequence {f,(¢)} can be divided into three mutually exclusive
and exhaustive subsequences {f,,(¢)}, {fn.(¢)} and {f,7(¢)} according as the corre-
sponding distribution functions belong to the classes (A), (B) and (C) respectively.
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We write also the relations

(5a) Jul(t) = exp {itpn, }bn, (1),
(5b) Juilt) = exp {itp, 3 (1),
(50) .f;l:(t) = €xp {ir#n:}‘f’n:(t),

corresponding to the classes (A), (B) and (C) respectively. We next substitute the
relations (5a), (5b) and (5¢) in (3) and thus obtain the relation

(6) u €Xp {"zan/"n}{‘#n(z)}a" = exXp {)\(eiz-— ])}

holding for all z in the complex plane where each factor ¢,(z) as a function of the
complex variable z is an entire characteristic function without zeros.
We put z=2 in (6) and note that ¢,(27)=1 for every n so that we have

n exp {i2ma,pu,} = exp {iZw Z oc,,;.c,,} =1
n=1 n=1

and consequently >, «,u,=m where m is a certain finite integer which may be
positive, negative or zero. Thus we obtain from (6)

@ [ [ {$a(@yn = exp {—imz+Ne=— 1)}
n=1
for all complex z. We put z=v (v real) in (7) and then get the relation

® i@ = exp fmo-+-Ne~ =1}
holding for all real ». We set (formally)
O,v) = [ [ $ni)fn,  Oy0) = I:[ {briliv)}n,  Dy(v) = ]:I {bnr(iv)} ;.

First we verify easily from (4b) and (5b) that ®,(v) > 1 for v > 0. Similarly we deduce
from (4a) and (5a) that for v>0, each factor of ®,(v) has the estimate

Buliv) > D p_uexp (i} > expr D p_yn 2 hexpo
i=1 i=1

so that ®,(v)>1 for v>In 2. We can also verify easily from (4c) and (5c) that
0= P4(v)=1 for v20. We now prove that ®z(v) cannot be identically zero for all
v>0. We write $(v) =], ¢,2(iv) and see that 0=y(v)<1 for v=0. Since 0<«,
So,=1and 0<¢,2(iv)=1 for vZ0, we have for v20

0 = ¢(v) = P5(0) = Y)Y = 1.

First we show that ®;0. Let us suppose that ®;(v) =0 for all v>0, then in such
a case (v) is also identically zero. But (v) is a power-series in e ~® with nonnegative
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coefficients and in this case all the coefficients must vanish and consequently
#(0)=0. This contradicts the fact that $(0)=]1; ¢,2(0)=1. Thus, for v>0, ¥(v)
cannot be identically zero so that it must contain at least one term which is a
power of e~? with a certain positive coefficient. Therefore, for v>0, we have
Y(v) = Ae~" where 4>0 and y a nonnegative integer. Thus for v>0 we get

®3(v) 2 $(v) 2 A exp {—yv}.

We now turn to Lemma 2 and suppose that the statement of this lemma is not true.
Then there exists at least one distribution function which is not bounded to the left
but is either bounded or unbounded to the right. Therefore, there exists at least one
characteristic function which belongs either to the set {¢,,(¢)} or to the set {¢,.(¢)}.
First we consider the case when it belongs to the set {¢,(¢)} and we denote this
characteristic function by ¢,,(¢). We can then rewrite ®,(v) as

Dy(v) = ¢a(iv) [ | dme(iv)
k>1
and verify easily that for v>1In 2, ®,(v)> ¢, (iv) 2 $,2(w). Thus for v>In2 we
obtain from (8) the estimate

) Apn2(iv) exp {—(y+m)v} < exp {Aexp —v—1)}.

But ¢,,(¢) is the characteristic function of a distribution which is not bounded to
the left and therefore we can always choose a sufficiently large positive integer v
subject to the condition voy—y—m >0 so that, for v>0, ¢, (iv) > B exp {vv} where
0<B<1. Thus we get finally for v>1n 2

(10) AB% exp {(vao—y—m)} < exp {Mexp —v—1)}.

But this relation cannot hold for sufficiently large values of v since veg—y —m>0.
Therefore there cannot exist any distribution function belonging to the class (A).
Similarly we can show that there does not exist any distribution function belonging
to the class (B). Therefore we conclude that each distribution function F,(x) must
belong to the class (C) thus completing the proof of Lemma 2.

Thus the functions ¢,(iv) satisfy the relation (8) where each ¢,(iv) has the form
(i) =220 Pjn €xp {—jv} for all real v according to (4c). We now prove that
m=>7_, a,u,=0. For this purpose we introduce the sequence of characteristic
functions ¥y(1)=T1¥_, é.(¢) and denote the corresponding sequence of distribution
functions by Hy(x) (N=1,2,...). We also write y(t)=] [, ¢.(t), which is the
characteristic function of the limiting distribution function. We verify easily that
for v>0

0 < d(iv) < H Balio)r < Yo < 1
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so that, using the equation (8) and taking the logarithms, we obtain for v>0 the
relation

In $(iv) £ mv+Xexp —v—1) £ oo In (i) = 0.
Thus for v>0, we have
11 —ao In P(iv)fv £ —m+a, (1—exp —v)/v £ —(In ¢Y(iv))/v..

But the left extremity of each distribution function Hy(x) is zero, so that, for any
arbitrary N and any >0, we have Hy(—¢)=0 while Hy(e) >0. Therefore the left
extremity of the limiting distribution function corresponding to the characteristic
function ¢(z) must also be zero. We now use Polya’s formula (cf. [8, p. 140]) for
the left extremity of a distribution and thus get

(12) —lim sup &v(w) =0.

V- ©

We combine (11) and (12) and verify at once that m=0. We put m=0in (7) and get
the relation

(13) ljl {$n(2)}*» = exp {A(exp {iz} - 1)}

holding for all complex z where each factor ¢,(z) is an entire characteristic function
without zeros and is of the form

¢m=2mﬁww,(ﬁzmgm=q
=0 =

Next we study the convergence of the infinite product [T ; {$.(2)}*.

LeMMA 3. The infinite product [ |-, {$.(2)}*» converges uniformly in the circle
|z| < R (R is any arbitrary positive number).

Proof. First we note that for any v in the interval 0 <v < R (R>0), we have, for
any n, 1=2¢,(—iv) < p,(—iR) so that 0=1n ¢,(—iv)<In ¢,(—iR). We put z= —iR
(R>0) in (13) and thus obtain

> anln $,(—iR) = Mexp R—1).
n=1
Hence it follows from the convergence test of Weierstrass that the series
> o In g,(~iv)
n=1

converges uniformly in the interval 0 < » < R. We construct the sequence of functions

0@ =[] N=12...,
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and consider the circle |z| = R. Since each ¢,(z) is regular and has no zeros inside the
circle |z| = R, each function 6,(z) is also regular and has no zeros inside this circle.
Again from the form of ¢,(z), we can verify easily

max Id’n(z)l = ?Sn(_iR) z 1
2SR
Therefore for every N and every z in |z]| £ R, we have
N N
68| = [ ] 1$a@| < ] ] {$a(—iR)}* < exp {Mexp {R}—D)}.
n=1 n=1

Further the sequence of functions {6,(z)} converges uniformly on the segment of the
imaginary axis — R<v <0 contained inside the circle |z| = R. Therefore according
to the convergence theorem of Vitali (cf. [11, p. 168]) the infinite product

ﬁ BalD)

converges uniformly in any circle |z| < R, so that Lemma 3 is proven.

Therefore the infinite product [ ]2 ; {¢.(—iv)}*s converges uniformly in any finite
v-interval (Jv| <R, R>0 and arbitrary). We put z= —iv (v real) in (13) and thus
obtain the relation

(14) T T {60 = exp (exp (0}—1)}
for all real » where each ¢,(—iv) has the form
bi=iv) = Spwesp ot (pn2 03 pn=1).
We take the limit of both sides of (14) as v — — oo and thus obtain the relation
ﬁ Py = exp —A
n=1

so that each p,, has the estimate p,o = exp {— A/} = exp { — A/} >0. We next use
the transformation x=exp v(0=<x<oo) and introduce the sequence of functions

gn(x) = Epjnxj/pOna (Pjn 20, ijn = l)
j=0 i=0

for n=1,2,.... We note that each g,(x)=1 for x=0 and further it is a power
series in x with nonnegative coefficients. Further we obtain the following lemma as
an immediate consequence of Lemma 3 and the equation (14).

LEMMA 4. The infinite product 13-, {g.(x)}* converges uniformly in the interval
0=<x=A (A>O0 and arbitrary) and further the relation

(15) [ T{gax}r = exp {ax}

holds for all x=0.
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For further investigation we have to study the behavior of each function g,(w)
as a complex valued function of the complex variable w (w=x+iy, x and y both
real).

LEMMA 5. Each of the functions g,(w) (w complex) is regular and has no zeros at
least in the circle |w| = p, (where po <exp {— Alag}) about the point w=0.

Since

gn(w) = ijnwj/pOn’ (Pjn z 0, ijn = 1),
i=o

i=0
we have for every n and every w in |w| <1,

POE i ol S - exp (Naok a0 > 0)

so that each g,(w) is regular at least in the circle |w| <1. Further for each w in
|w| < po (Where 0 < py<exp {—A/eg}) we have

1 £
&0 =11 = = 2, Pinbh < o S po X (Moo}
so that
[ga(W)| > 1—po exp {Aag} > 0

and hence each g,(w) cannot have any zeros in this circle.

LEMMA 6. The relation
(16) Hl{gn(W)}“" = exp {Aw}

holds for all complex w in any circle about the point w=0 in which each g,(w) is
regular and has no zeros.

Proof. We consider a circle |w| =R (R>0) about the point w=0 in which each
g.(w) is regular and has no zeros. We construct a sequence of functions

GN(W) = I:][ {gn(w)}a"’ N = la 29 ey

and verify easily that each Gy(w) is also regular and has no zeros inside the circle
|w| = R. Each g,(w) is a power series in W with nonnegative coefficients so that for
each n, max,,, <z |8.(W)| =g.(R)Z 1. We put x=R in the equation (15) and get

[T {z(R) = exp (IR

n=1

Hence for every N and every w in |w| < R we have

|Gx(W)| = Il | ga(w)|*» = IJ {gx(R)}*» = exp {AR}.
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Further we note from Lemma 4 that the sequence {Gy(w)} converges uniformly on
the positive half segment of the real axis 0 < x < R which is contained in the circle
|w| =R. Therefore, according to the convergence theorem of Vitali, the sequence
{Gn(w)} converges uniformly inside the circle |w| = R and further this limit function
is also regular in the circle |w| < R. Then it follows immediately from the property
of uniqueness of analytic continuation that equation (16) holds for all complex w
in the circle |w| <R.

LemMMA 7. Each function g,(w) has no zeros inside any circle about the point w=0
in which each g,(w) is regular.

Proof. Let |[w| =R, (R,>0) be a circle about the point w=0 in which each g,(w)
is regular. Then clearly by virtue of Lemma 5, we have R,> p,>0. We shall prove
that each g,(w) cannot have any zeros inside the circle |w| = R,. Let us suppose that
the statement of this lemma is not true. Then there are zeros (finitely or possibly
infinitely many) of the functions g,(w) inside this circle. Let p, be the infimum of the
moduli of the set of all zeros of the functions g,(w) inside the circle |w|= R,. Then
clearly, according to Lemma 5, we have p; > p,>0. We suppose that p, <R, so
that 8= R, — p; > 0. Hence each of the functions g,(w) is regular and has no zeros
in the circle [w| < p, and consequently according to Lemma 6, equation (16) holds
for all complex w inside this circle. We set X,=p, —¢/2 where ¢ (0<e<d) is a
sufficiently small positive quantity and consider the circle |w| = X,. We set x= X, + &
and introduce the sequence of functions

ha() = gu(Xo+8)[gu(Xo), n=12,....

It is easy to verify from Lemma 4 that the infinite product [ T=- ; {h.(£€)}*s converges
uniformly in any interval 0 < ¢ £ €, (¢,>0 and arbitrary) and that the relation

a” H (O = exp 08}

holds for all £=0. Each 4,(¢§)2 1 for £20 and further it is a power series in ¢ with
nonnegative coefficients. Therefore we can write

() = E2EED i o

where o, =h,(0)=1and ¢;,20(j=1,2,...;n=1,2,...). Using (17) we obtain for
every n, the estimate

j_io%n = (1) < exp (Mas} < exp (M)

We now consider each £,({) as a function of the complex variable { and see easily
that for every n and every { in |{| =1

haO1 = 2, gnltl’ < 3. gn < exp (e
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so that each h,({) is regular at least in the circle || <1 about the point {=0.
Further for every n and every { in |{| Se<1 we have the estimate

[h(D) = 1] £ D gine’ S & gy < € €xp {Meo}
i=1 ji=0

so that for every n and every ¢ in 0 <e< 1, we have h,(e) — 1 e exp {A/«o} so that

gn(Xo+e)—ga(Xo) = & exp {A/eo}gn(Xo)-
Again putting x= X, in (15) we obtain g,(X,) < exp {AX,/co} <exp {Ap,/eo} sO that
we obtain finally for every n and every ¢ in 0 <e<1 and X, >0, the estimate
(8) gu(Xo+e)—u(Xo) < & exp {1 +py)ac}.

Let W, be an arbitrary point on the circumference of the circle |w| = X,. Then
clearly according to our assumption each g,(W,+{) as a function of the complex
variable { is regular at least in the circle |{| < e and admits the McLaurin expansion
so that for every n and every { in |{| <&, we have

0

|gn(Wo+ D—ga(Wo)l = 2 15 188(Wa)l.

But for any k and n the function g¥(W,) is again a power series in W, with non-
negatlve coefficients so that for any W, on the circle |w|=X, we have |g®(W,)|
< g™ (X,). Hence we have

@

| gn(Wo+0)—ga(Wo)| < 2 gi."’(Xo) = gu(Xo+e) — gn(Xo).

Then using (18) we get

19) | 8a(Wo+8)—gn(Wo)| < eexp {A(1+p1)/eo}-

Next we proceed to obtain an estimate for |g,(W,)|. Clearly equation (16) holds
for all complex W on the circumference of the circle |w| = X, so that we have

[T lexWoll= = lexp AWl 2 exp (=2 Xo}
and
T teuXol = exp (1o
so that

n WO
(B 2 om0

Again we note that for every n, | g.(Wo)| < g.(Xo) so that we have the estimate

(20)  |ga(Wo)| Z gn(Xo) €xp {—2A X/} 2 exp {—2AXo[a0} > exp {—2Apy[exo}.
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We now combine (19) and (20) and thus obtain for every » and every W, on the
circle |w|= X, and every { in |{| <e, the estimate

@n |gn(Wo+0)| > exp {—2Ap;/oo}—e exp {A(1 +p1)/eco}-

Therefore for e < min (3, exp {— A(1 +3p,)/xo}) We obtain |g,(Wo+ ()| >0. Thus we
conclude that there always exists a circle of radius e around every point W, on the
circumference of the circle |w| = X,=p; —¢/2 in which none of the functions g,(w)
has any zeros so that each g,(w) has no zeros at least inside the circle |w| < p; +¢/2.
But this contradicts our assumption that p, is the infimum of the set of all zeros of
the functions g,(w). Hence p, = R, and each g,(w) cannot have any zeros inside
the circle |w| = R,.

LeMMA 8. Each of the functions g,(w) is an entire function.

Proof. Let us suppose that the statement of the lemma is not true. Then there
exists at least one g,(w) which converges only in a circle about the point w=0 with a
certain finite radius of convergence. Let p, be the infimum of the radii of conver-
gence of the functions g,(w). Then clearly according to Lemma 5, we have p; > py > 0.
Then according to our assumption each of the functions g,(w) is regular in the circle
[w| < p, about the point w=0. Consequently according to Lemma 7 each g,(w)
has no zeros inside this circle and further by virtue of Lemma 6, equation (16)
holds for all complex w in this circle. We now set X, = p, — ¢ where ¢ is a sufficiently
small positive quantity. We substitute x = X+ ¢ (¢ real) and introduce the functions

ho(€) = ga(Xo+ €)/gn(Xo), n=12,....

We then proceed in the same manner as in the proof of Lemma 7 and prove that
each h,(0) as a function of the complex variable { converges in a circle about the
point {=0 with a radius of convergence which is not less than unity. Each g,(w)
is a power series with nonnegative coefficients and hence it follows from the theorem
of Pringsheim and Landau that the point of singularity of the function g,(w) which
is nearest to the origin w=0 must be located on the positive half segment of the real
axis. Thus we deduce that each g,(w) is regular at least in the circle |w| < ps+ (1 —&).
But this contradicts our assumption that p, is the infimum of the radii of conver-
gence of the functions g,(w). Therefore each g,(w) is an entire function.

LEMMA 9. Each of the functions g,(w) has the form
gn(w) = exp {AnW}, An g 0 (n = 1, 2, .o .).

Proof. As a direct consequence of Lemmas 6, 7, and 8, we conclude that each
g.(w) is an entire function and has no zeros in the whole complex plane and further
equation (16) holds for all complex w in the plane. We set w=R in (16) and obtain
for every n the estimate

max [g,(w)| = &u(R) < exp {ARjeo} (20 > 0)
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so that
max |g.(w)| = O(exp {aR}) as R— 0 (@ > 0).

Therefore the order of each entire function g,(w) cannot exceed unity and it follows
at once from the factorization theorem of Hadamard that each g,(w) has the form

g.(w) = exp (A, w+v,), n=12,....

But we further note that each g,(0)=1 so that »,=0 and each g,(x)=1 for x>0
so that A, is real and nonnegative. This completes the proof of Lemma 9.

We now turn to the proof of the Theorem. It is very easy to verify from Lemma 9
that each factor ¢,(¢) has the form

22) é.(t) = exp {A(exp {it}— 1)}, n=12,....

We now note that

Ja(t) = exp {if"nt}d’n(t)’ n=1,2,...,

and thus complete the proof of the theorem.
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